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We show that if the α-attractor model is realized by the spontaneous breaking of the scale sym-
metry, then the stability and the dynamics of the vector field that gauges the scale symmetry can
severely constrain the α-parameter as 5/6 < α < 1 restricting the inflationary predictions in a very
tiny region in the ns−r plane that are in great agreement with the latest Planck data. Although the
different values of α do not make a tangible difference for ns and r, they provide radically different
scenarios for the post-inflationary dynamics which determines the standard BBN processes and the
large scale isotropy of the universe.
I. INTRODUCTION
Inflation is the major candidate to explain the spatial
flatness, large scale isotropy and homogeneity of the ob-
served universe, and is one of the most active research
areas in high energy physics since early 1980s [1–11].
The realization of the inflationary paradigm requires a
scalar degree of freedom, which can be achieved in a
number of ways, including a minimally coupled scalar
field theory, f(R) theories, and non-minimal coupling of
scalar field to gravity (for reviews, see references [12–
17]). Among these, the minimally coupled scalar with a
potential V (φ),
S =
∫
d4x
√−g
(
M2pl
2
R− 1
2
∂µφ∂
µφ− V (φ)
)
, (1)
contains the most of the inflationary scenarios as the
others can be written as a minimally coupled theory by
means of a field redefinition [17].
The form of the scalar potential in a minimally coupled
scenario is completely unconstrained as long as it satisfies
the Poincare´ invariance, and the slow-roll conditions. A
list of possible scalar potentials can be found in [18]. De-
spite the diversity of the scalar potentials, and different
ways to introduce the scalar degree of freedom to gravity,
a wide variety of inflationary models were found to give
rise to the same predictions for the inflationary observ-
ables [1, 19–29], which are in great agreement with the
latest Planck data [30]. A systematic approach to inves-
tigate the root cause of this fact could be to introduce
more symmetries to the theory, as more symmetry im-
plies more restriction on the form of the scalar potential
[25]. Then, the spontaneous breaking of such symmetries
can provide a novel framework to understand why many
different inflationary scenarios give rise to the same ob-
servables.
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The usual dictum that the local symmetries enrich the
field content of a theory by the addition of gauge fields
can, in principle, demotivate one to work with extended
local spacetime symmetries in the context of inflationary
cosmology. This is mainly due to the fact that a massive
p-form field, which arises after gauge fixing, can spoil the
spatially homogeneous and isotropic large scale structure
of the universe. One particular exception to this rule is
the so-called conformal gravity
S =
∫
d4x
√−g CµνρσCµνρσ , (2)
where Cµνρσ is the Weyl tensor. This model is in-
variant under the local conformal transformation ĝµν =
e−2ΛD(x)gµν without introducing gauge fields that gauge
the conformal symmetries. Another example is the con-
formally coupled scalar-tensor theory
S =
∫
d4x
√−g
( 1
12
φ2R+
1
2
∂µφ∂
µφ
)
, (3)
which is invariant under the local conformal transfor-
mations ĝµν = e
−2ΛD(x)gµν and φ̂ = eΛD(x)φ. In re-
cent years, the conformally coupled scalar-tensor theory
with two scalar fields has been widely used in inflation-
ary cosmology as the backbone of the superconformal α-
attractor program [28]. When the local superconformal
symmetries are fixed, the bosonic part of the α-attractors
are given by the Einstein-Hilbert action with a canonical
scalar ϕ, and a scalar potential
V (ϕ) = f(tanh
ϕ√
6αMpl
) , (4)
where α is inversely proportional to the curvature of the
Ka¨hler manifold [28]. For α . 1, and N  1, with
N being the number of e-foldings, the model provides a
universal attractor regime [25] with predictions for the
spectral index ns and the tensor to scalar ratio r [28],
ns = 1− 2
N
, r =
12α
N2
, (5)
which reduces to the predictions of the aforementioned
inflationary models for α = 1, and are favored by the
Planck data [30].
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2The α-attractors lead to inflationary predictions that
perfectly fits to the latest Planck data [30] for a wide
range of α. In the context of superconformal α-
attractors, the α parameter is a measure of the curvature
of the inflaton Ka¨hler manifold [28]. The α parameter
also appears in other contexts such as the auxiliary vec-
tor modification [31], string field theory approach [32],
spacetime with vector distortion [33, 34], and scale in-
variant gravity [35]. Especially, in the context of scale
invariance, the parameter α appears naturally as a quan-
tity that measures the deviation from conformal symme-
try while preserving the scale symmetry of the theory.
As mentioned, while the conformal gravity does not
add extra gauge fields to the field content of the the-
ory, the scale invariance does add a vector field that
gauges the scale symmetry. Therefore, the price to pay
for relaxing the conformal symmetry is the possibility of
a large scale anisotropy sourced by the vector field. In
this paper, our purpose is to investigate the features of
the vector field that appears in the local scale invariant
setting of α-attractors. As opposed to the usual expecta-
tion that relaxing the conformal symmetry should loosen
any possible constraint on α that the conformal symme-
try might dictate, we find that the stability of the theory
in the scale symmetric setting can severely constrain α,
namely, 5/6 < α < 1 for the model we introduced in this
paper. Thus, although the scalar potential for the con-
formal and the scale invariant α-attractors are precisely
the same, the dynamics of the vector field that appears
in the scale invariant setting can be a constraining factor
in the inflationary dynamics.
The paper is organised as follows. In Section II, we
review the basics of the local Poincare´, scale and special
conformal invariance. In Section III, we explicitly calcu-
late the conserved current for the scale transformations
and show that it does not vanish unless the scale invari-
ance is enhanced to the full conformal invariance. In
Section IV, we discuss the gauge fixing of the local scale
invariant theory, and the α-attractors. In Section V, we
discuss the consequences of the stability and dynamics of
the vector field in the inflationary and post-inflationary
eras. Section VI is devoted to the conclusions.
II. BASICS OF LOCAL SCALE AND
CONFORMAL INVARIANCE
To set the stage, we first review the consequences of
the local scale and conformal invariance in gravity theo-
ries. Our treatment follows the discussions presented in
[36]. Therefore, we refer the reader interested in a more
detailed discussion on conformal (or scale invariant) con-
struction of (super)gravity models to [36].
Considering gravity as a gauge theory is based on the
Poincare´ group with the generators
Pa , Mab , (6)
and the gauge fields for these generators
hµ
A ≡ {eµa , ωµab} , (7)
where µ, ν . . . are world vector indices and a, b, . . . are
Lorentz indices. Using the structure constants of the four
dimensional Poincare´ algebra fBC
A and the basic rules
δhµ
A = ∂µ
A + fBC
AhBµ 
C ,
Rµν
A = 2∂[µh
A
ν] + fBC
AhBµ h
C
ν , (8)
we give the transformation rules for eµ
a and ωµ
ab and
the corresponding curvatures Rµν
a(P ) and Rµν
ab(M):
δeµ
a = ∂µξ
a + ωµ
abξb − λabeµb ,
δωµ
ab = ∂µλ
ab + 2ωµc
[aλb]c . (9)
Here ξa and λab are the transformation parameters for
Pa and Mab respectively, and
Raµν(P ) = 2∂[µeν]
a + 2ω[µ
abeν]b ,
Rµν
ab(M) = 2∂[µων]
ab + 2ω[µ
acων]c
b . (10)
In order to identify ωµ
ab as the spin connection and make
the vielbein eµ
a the only independent degree of freedom,
we impose the curvature constraint
Rµν
a(P ) = 0 , (11)
which implies that ωµ
ab is given in terms of the vielbein
as
ωµ
ab(e) = 2eν[a∂[µeν]
b] − eν[aeb]σeµc∂νeσc . (12)
With this identification, arbitrary contractions of the
curvature of the spin-connection Rµν
ab(M) given in (10)
can be used to construct Poincare´ invariant metric theo-
ries.
When an additional local scale invariance is demanded,
we can improve the Poincare´ group with the scale sym-
metry generator D
Pa , Mab , D , (13)
with the corresponding gauge fields
hµ
A ≡ {eµa , ωµab , bµ} . (14)
In this case, the transformation rules and the curvatures
are given by
δeµ
a = ∂µξ
a + ωµ
abξb − λabeµb − ΛDeµa ,
δωµ
ab = ∂µλ
ab + 2ωµc
[aλb]c ,
δbµ = ∂µΛD , (15)
where ΛD is the parameter for scale transformations and
Rµν
a(P ) = 2∂[µeν]
a + 2ω[µ
abeν]b + 2b[µeν]
a ,
Rµν
ab(M) = 2∂[µων]
ab + 2ω[µ
ac ων]c
b ,
Rµν(D) = 2∂[µbν] . (16)
Once again, in order to convert P -gauge transforma-
tions to general coordinate transformations, we impose
3the condition Rµν
a(P ) = 0 and identify the field ωµ
ab as
the spin connection. However, in this case, the definition
of ωµ
ab picks up a bµ dependent term
ωµ
ab(e, b) = ωµ
ab(e) + 2eµ
[abb] , (17)
where ωµ
ab(e) is as defined in (12). Furthermore, the
Bianchi identity on Rµν
a(P ) now implies
e[ρ
aRµν](D) = R[µνρ]
a(M) . (18)
Although the arbitrary contractions of the curvature
Rµν
ab(M) are still Poincare´ invariant, we now have to
be careful with the scale invariance, i.e.,
δDRµν
ab(M) = 0 ,
δDRµ
a(M) = ΛDRµ
a(M) ,
δDR(M) = 2ΛDR(M) , (19)
where we have defined Rµ
a(M) ≡ eνbRµνab(M) and
R(M) ≡ eµaeνbRµνab(M). This implies that as √−g
transforms as δD
√−g = −4ΛD√−g, the covariant curva-
ture R(M) cannot itself define an invariant action unless
we consider R(M)2, or an additional scalar field φ that
transforms under scale transformations with the scaling
dimension ω 6= 0
δDφ = ωΛDφ . (20)
Therefore, setting ω = 1 a scale invariant two-derivative
gravity can be given as
SR(M) =
∫
d4x
√−g φ2
(
R− 6bµbµ − 6∇µbµ
)
, (21)
where R is the standard Ricci scalar, and we have used
the fact that
R(M) = R− 6bµbµ − 6∇µbµ. (22)
Similarly, we can introduce an action for the scalar field
φ as
Sφ = −1
2
∫
d4x
√−gDaφDaφ , (23)
where the covariant derivative Daφ is defined by
Daφ = eµa(∂µφ− bµφ) . (24)
Finally, we can give an action for the vector field bµ as
Sb = −1
4
∫
d4x
√−gRµν(D)Rµν(D) . (25)
When the symmetries are extended to the full confor-
mal group, we include the generator of the special con-
formal symmetry, thus, the generators are given by
Pa , Mab , D , Ka , (26)
with the corresponding gauge fields
hµ
A ≡ {eµa , ωµab , bµ , fµa} . (27)
In this case, the transformation rules and the curvatures
are given by
δeµ
a = ∂µξ
a + bµξ
a + ωµ
abξb − λabeµb − ΛDeµa ,
δωµ
ab = ∂µλ
ab + 2ωµc
[aλb]c − 4ξ[afµb] − 4Λ[aKeµb] ,
δfµ
a = ∂µΛ
a
K − bµΛaK + ωµabΛKb − λabfµb + ΛDfµa ,
δbµ = ∂µΛD − 2ξafµa + 2ΛaKeµa , (28)
where ΛKa is the parameter for special conformal trans-
formation, and
R̂µν
a(P ) = 2∂[µeν]
a + 2ω[µ
abeν]b + 2b[µeν]
a ,
R̂µν
ab(M) = 2∂[µων]
ab + 2ω[µ
ac ων]c
b + 8f[µ
[aeν]
b] ,
R̂µν(D) = 2∂[µbν] − 4f[µaeν]a ,
R̂µν
a(K) = 2∂[µfν]
a + 2ω[µ
abfν]b − 2b[µfν]a , (29)
where the hatted notation indicates the full covariance
under conformal symmetries. We again need to use the
condition R̂µν
a(P ) = 0 to convert P -gauge transforma-
tions to general coordinate transformations. However
this time we also need to impose a second constraint to
fix the gauge field of special conformal transformations,
eµaR̂µν
ab(M) = 0 . (30)
As a result of these constraints, ωµ
ab and fµ
a become
dependent fields. The definition of ωµ
ab remains the same
as (17), and the definition of fµ
a is given by
fµ
a(e, b) = − 14 R̂′µa(M) + 124eµaR̂′(M) , (31)
where the prime indicates that fµ
a term is excluded in
the definition of R̂µν
ab(M) in (29).
Unlike the Poincare´ invariance and the scale invari-
ance, these constraints and definitions have a dramatic
consequence in the case of conformal symmetry: the only
independent field that transforms under the special con-
formal transformation is bµ (28). Therefore, as the ac-
tion has to be invariant under that symmetry, the bµ field
cannot appear in a conformal theory of gravity. There-
fore, although the scale symmetry is gauged and local, its
gauge field does not show up in a conformally invariant
gravity theory,
Sconf =
∫
d4x
√−g
( 1
12
φ2R− 1
2
φ2φ
)
, (32)
where 2 is the usual d’Alembertian operator. Note that
the potential λφ4 can be added to both the conformal
theory (32) and the scale invariant theory (23) as φ is al-
ready invariant under special conformal transformation.
III. CONSERVED CURRENT
The fact that bµ does not show up in the conformal
gravity models has a consequence that the conserved cur-
rent associated with the scale symmetry vanishes [37, 38].
4This can be understood from the viewpoint that if a
gauge field that gauges a certain symmetry does not show
up in an action, then it is not possible to distinguish
whether the action is invariant under the global or the
local symmetry that is gauged by that field. For instance,
the action (32) is invariant under the global transforma-
tions
δgµν = −2ΛDgµν , δφ = ΛDφ , (33)
and, as discussed, making the scale transformation pa-
rameter local, ΛD = ΛD(x), does not introduce a vec-
tor field to the theory, and the model remains the same.
Thus, one cannot distinguish the local and the global
scale symmetries. As a result, if there were a non-
vanishing conserved current for the global scale symme-
try for this model, then there should also be a conserved
current for the local scale symmetry. Hence, such sym-
metries should not have conserved currents.
In this section, our purpose is to verify this in two-
derivative level explicitly. In order to do so, let us con-
sider a scale invariant theory with a free parameter γ
such that when γ takes a certain value, the scale invari-
ant model reduces to the conformal theory (32). We let
this model be
S =
∫
d4x
√−g
(
1
12φ
2R(M) + 12γDµφDµφ
− 14g2(1− γ)Rµν(D)Rµν(D)
)
, (34)
where we have combined the scale invariant actions (21),
(23), and (25) with different coefficients. Here g(1 − γ)
is a function of γ that satisfies g(0) = 0. Note that
when γ = 1, the kinetic term for the gauge field bµ drops
out, and the bµ terms in the scale invariant Ricci scalar
R(M) and the kinetic terms for the scalar field DµφDµφ
cancel each other out. To see that explicitly, we partially
integrate the bµ∂
µφ terms in the kinetic terms for the
scalar field, and arrive to the following scale invariant
model
S =
∫ √−g( 112φ2(R− 6(1− γ)bµbµ − 6(1− γ)∇µbµ)
+ 12γ∂µφ∂
µφ− 14g2(1− γ)Rµν(D)Rµν(D)
)
d4x .(35)
Thus, when γ = 1, all the bµ terms drop out and we
obtain the conformal action (32). Therefore, the free
parameter γ measures the deviation from conformal in-
variance while preserving the scale symmetry.
The Lagrangian in (35) is a scalar with scaling dimen-
sion ω = 0 by construction, thus δDL = 0, not contribut-
ing to the conserved current via a surface term. Hence,
the conserved current is given by [39, 40]
jµD = −
∂L
∂(∂µφ)
δφ− ∂L
∂(∂µgνρ)
δgνρ . (36)
Using the transformations (33), the conserved current
is
jµD = (1− γ)
√−ggµν(∂ν − 2bν)φ2 . (37)
As expected, the current vanishes when γ = 1. Fur-
thermore, if bµ is not dynamical, which corresponds to
g(1− γ) = 0, then the field equation for bµ simply takes
the model back to the conformal theory (32), not provid-
ing a conserved current. Thus, to evade the “fake gauge
invariance” [37, 38], one needs to set γ 6= 1 and dynami-
cally gauge the scale symmetry, which cannot be done in
the case of conformal theories due to special conformal
invariance.
Now that we have ensured the parameter γ must sat-
isfy γ 6= 1, which guarantees that g(1 − γ) 6= 0, we can
perform a field redefinition in a way that the coefficient of
the kinetic term Rµν(D)R
µν(D) takes its canonical form
properly at the expense of changing the coefficient of the
kinetic term of the scalar field. This can be done by the
following field redefinition of the gauge fields, the gauge
parameter ΛD and the scalar field:
bµ =
b¯µ
g
, φ = φ¯1/g , eµ
a = φ¯β e¯µ
a , ΛD =
Λ¯D
g
, (38)
where β ≡ 1 − 1/g. Accordingly, we find that the co-
variant derivative of the scalar field, the spin connection,
and the scale invariant Ricci tensor become
Dµφ = 1g φ¯−βDµφ¯ ,
ωµ
ab(e, b) = ω¯µ
ab(e¯, b¯) + 2βφ¯−1e¯µ[aDb]φ¯ ,
R(M) = φ¯−2β
(
R¯(M)− 6β2φ¯−2Dµφ¯Dµφ¯
−6βDµ(φ¯−1Dµφ¯)
)
, (39)
where R¯(M) = R¯ − 6b¯µb¯µ − 6∇µb¯µ. As a consequence,
the action given in (34) can be equivalently written as
S =
∫ √−g¯( 112 φ¯2R¯(M) + 12 (γ−1g2 + 1)Dµφ¯Dµφ¯
− 14 R¯µν(D)R¯µν(D)
)
d4x . (40)
Note that in this new basis, the deviation from confor-
mal invariance while preserving the scale symmetry is
controlled by a combination of γ and g, which we define
as a new constant α
α ≡ γ − 1
g2
+ 1 . (41)
After a partial integration of the b¯µ∂
µφ¯ terms in (40), we
find that the action (35) can also be equivalently written
as
S =
∫ √−g¯( 112 φ¯2(R¯− 6(1− α)b¯µb¯µ − 6(1− α)∇µb¯µ)
+ 12α∂µφ¯∂
µφ¯− 14 R¯µν(D)R¯µν(D)
)
d4x , (42)
which is invariant under the following scale transforma-
tions
δg¯µν = −2Λ¯Dg¯µν , δφ¯ = Λ¯Dφ¯ , δb¯µ = ∂µΛ¯ . (43)
5Thus we arrived at the action (42) that we can consider
for working on the inflationary dynamics based on the
spontaneous breaking of the scale symmetry. As will be
demonstrated in the next section, the constant α here is
the parameter that characterizes the inflaton field as in
the superconformal α-attractors. In the scale invariant
setting, as α enters to the vector potential in a certain
way, it also determines the dynamics of the vector field,
which, together with the scalar field (inflaton) character-
izes the evolution of the universe in our model. Therefore
the parameter α is constrained by the dynamics of both
the scalar and the vector field in the scale invariant set-
ting of α-attractors.
IV. BROKEN SCALE INVARIANCE AND
α-ATTRACTORS
As we have paved the way for the scale invariance in
the previous sections, we can now proceed to work on
the consequences of a dynamically gauged vector field in
the context of inflationary cosmology. Following [25], we
first write down the dynamically gauged SO(1, 1) and
scale invariant theory with two scalar field φ and χ of
scaling dimension ω = 1 (see [35]), which is based on the
action (42)
S =
∫
d4x
√−g
(
1
12 (χ
2 − φ2)(R− 6(1− α)bµbµ
−6(1− α)∇µbµ) + 12α∂µχ∂µχ− 12α∂µφ∂µφ
− 14Rµν(D)Rµν(D)− 136f(
φ
χ
)(χ2 − φ2)2
)
. (44)
Note that we have dropped the bar in the definition of
the gauge fields and the scalar fields, as we will work in
this basis in the rest of the paper. In order to obtain
a Poincare´ gravity from the two-scalar model (44), we
impose the gauge fixing condition χ2−φ2 = 6M2pl, which
sets ΛD = 0. This condition has the solution
χ =
√
6Mpl cosh
ϕ√
6αMpl
,
φ =
√
6Mpl sinh
ϕ√
6αMpl
, (45)
in terms of a canonical scalar ϕ. As a result of the gauge
fixing, the model reduces to
S =
∫
d4x
√−g
(
1
2M
2
plR− 14Rµν(D)Rµν(D)− 12∂µϕ∂µϕ
−M4plf(tanh
ϕ√
6αMpl
)− 3(1− α)M2plbµbµ
)
, (46)
where we have dropped the ∇µbµ term as it is a total
derivative. When the vector field bµ lacking, this model
is given by the bosonic part of the superconformal α-
attractors [28]. In this case, for α = 1, the scalar poten-
tial gives rise to universal predictions for the inflationary
observables [25]
ns = 1− 2
N
, r =
12
N2
, (47)
which coincides with the predictions of a large class
of inflationary models including Starobinsky inflation
[1], Higgs inflation [19, 20], the non-minimal inflation-
ary models ξφ2R with negative non-minimal coupling
ξ ≤ −10−1 [41], and generalised non-minimally coupled
model ξ
√
V (φ)R [27] at large non-minimal coupling. If
α . 1, and N  1, this model leads to universal predic-
tions [28]
ns = 1− 2
N
, r =
12α
N2
. (48)
When α is large, one may encounter a wide variety of
possible scenarios, e.g., when the simplest class of mod-
els V (ϕ) = tanh2n(ϕ/
√
6αMpl) corresponding to super-
conformal α-attractors are considered, the large α limit
leads to the predictions of the chaotic inflation with
V (φ) ∼ φ2n [28]
ns = 1− 2n+ 2
2N + n
, r =
16n
2N + n
. (49)
In the opposite limit, α→ 0, there is a universal attractor
prediction
ns = 1− 2
N
, r = 0 . (50)
There are also models that correspond to the values of
α in between, e.g. α = 1/9 corresponds to Goncharov-
Linde model [42–44] with r ≈ 0.0003. The stability of the
supersymmetric realization of the α-attractors, includ-
ing the α → 0 limit are discussed in detail in [28, 45–
47]. Nevertheless, for a purely bosonic model, there is
no reason, or a mechanism to prefer any value of α.
On the other hand, not all values of α are experimen-
tally favoured, such that the latest upper bound given
by Planck r < 0.11 (95% CL) leads to α < 7.1 (95% CL)
for superconformal α-attractors [28] and α < 14.1 (95%
CL) for α-attractors motivated by considering a vector
for the inflaton in supergravity [26, 28], namely, when α
increases, r grows (48) and one moves to the disfavored
regions of the Planck data [30]. As we shall see in the fol-
lowing section, in contrast to the purely bosonic model,
the presence of the vector field bµ can restrict α, as it
can determine the vector field mass, which in turn can
confine the preferable values of α to a range much nar-
rower than the rather large range α . 10 allowed by the
observational data [30].
V. DYNAMICS OF THE MASSIVE VECTOR
FIELD AND RESTRICTIONS ON α
To investigate the dynamics of the vector field, we
choose, without loss of generality, f(φ/χ) = φ2/(φ+χ)2,
that leads to
f(tanh
ϕ√
6αMpl
) =
3
4
M2
M2pl
(
1− e−
√
2
3α
ϕ
Mpl
)2
, (51)
6where M is some mass scale. With this choice, the field
equations for the metric gµν , the scalar field ϕ and the
vector bµ are given by
0 = Gµν − 1M2pl
(
Tϕµν + T
b
µν
)
, (52)
0 = 2ϕ+
√
3
2αMplM
2e
−
√
2
3α
ϕ
Mpl
(
1− e−
√
2
3α
ϕ
Mpl
)
, (53)
0 = ∇µRµν(D)− 6(1− α)M2pl bν . (54)
Here T bµν and T
ϕ
µν are the energy-momentum tensors of
the minimally coupled scalar and vector fields, respec-
tively, and read
Tϕµν = ∂µϕ∂νϕ−
1
2
gµν∂λϕ∂
λϕ
− 34gµνM2M2pl
(
1− e−
√
2
3α
ϕ
Mpl
)2
, (55)
T bµν = Rµ
ρ(D)Rνρ(D)− 14gµνRρσ(D)Rρσ(D)
−3gµν(1− α)M2plbλbλ + 6(1− α)M2plbµbν .(56)
The field equations for the scalar and the vector are
completely decoupled; therefore the vector field does not
affect the well-known inflationary dynamics of the scalar
field. Here, we are interested in the consequences of the
intervention of the vector field in the model, which can
yield anisotropic pressure. Hence, let us consider the sim-
plest spacetime metric that can accommodate anisotropic
pressure, namely (LRS) Bianchi type-I spacetime metric,
ds2 = −dt2 + c2(t)[dx2 + dy2] + a2(t)dz2 . (57)
With this metric, we first observe that G0i = 0 indicating
[48]
T0i = 6(1− α)b0bi = 0 . (58)
As we consider α 6= 1, one must make a choice: either the
vector bµ is timelike bµ = (σ, 0), or spacelike bµ = (0, bi).
If the vector is chosen to be timelike, the vector field
equation would trivially be satisfied. Therefore, we focus
on the spacelike case and assume a homogeneous vector
field which lies in the z-direction
bµ(t) = bz(t) , (59)
which is consistent with our choice of metric (57). With
this choice, the energy density and pressures for the vec-
tor field read
ρb =
b˙2z
2a2
+m2
b2z
2a2
, (60)
pbx = p
b
y =
b˙2z
2a2
−m2 b
2
z
2a2
, (61)
pbz = −
b˙2z
2a2
+m2
b2z
2a2
, (62)
where pbx, p
b
y and p
b
z are the pressures along the x-, y-
and z-axes. Here
m2 = 6(1− α)M2pl (63)
is the mass-squared of the vector field, which can eas-
ily be read from (54) or (56). We note that the vector
field yields an m-dependent anisotropic equation of state
(EoS) parameter;
wbx = w
b
y = −wbz =
b˙2z −m2b2z
b˙2z +m
2b2z
, (64)
where wbx = p
b
x/ρ
b, wby = p
b
y/ρ
b and wbz = p
b
z/ρ
b are the
directional EoS parameters along the x-, y- and z-axes.
These two equations are important for investigating
the consequences of the presence of a massive vector field
in our model. First of all, we see from (63) that α can-
not take arbitrary values but rather is restricted to take
values in the following range
5
6
< α < 1 . (65)
The upper bound is required to keep mass-squared of
the vector field positive m2 > 0, since an imaginary
(tachyonic) mass leads to a ghost instability [49, 50],
and the lower bound exists to keep the mass lower than
Mpl. In contrast to the α-attractors from a broken (su-
per)conformal symmetry, in which α can take arbitrary
positive values, the broken scale invariance can severely
restrict α as it depends on the mass of the vector field.
This result is somewhat unexpected as the usual dictum
is that more symmetry implies higher constraint. Ac-
cordingly, it turns out that the inflationary observables
of the model are
ns = 1− 2
N
, r =
12
N2
− 2
N2
m2
M2pl
, (66)
where 0 < m2 < M2Pl implying
10
N2
< r <
12
N2
, (67)
where this range is at the sweet spot of the Planck data
[30].
The range of α should be further investigated con-
sidering not only the inflationary but also the post-
inflationary era. First, we should ensure that the vector
field yielding an m-dependent anisotropic EoS does nei-
ther alter the inflationary dynamics, nor avoid isotropiza-
tion during inflation. We should also make sure that
the vector field does not considerably alter the post-
inflationary dynamics; the isotropy of the space should
be maintained or any possible anisotropization during
this stage should end and be compensated before the Big
Bang Nucleosynthesis (BBN) takes place. As dictated
by the cosmic no-hair theorem, the vector field will be
dominated by the scalar field during the inflationary era,
namely, when the slow roll conditions are satisfied, and
hence the universe will isotropize and evolve towards the
de Sitter solution on an exponentially rapid time scale
[51–54]. Therefore, whether it yields heavy or light mass,
7the vector field does not alter the dynamics of the uni-
verse during the inflationary epoch. Nevertheless its dy-
namics during inflation is still important for the post-
inflationary era and should be discussed. To do so, let us
turn attention to the vector field equation
b¨z + (2Hc −Ha)b˙z +m2bz = 0 , (68)
where Ha ≡ a˙/a and Hc ≡ c˙/c are the directional Hub-
ble parameters. Relying on the cosmic no-hair theo-
rem we can take Ha ' Hc ≈ constant, which is typi-
cally about Hinflation ∼ 10−5Mpl during inflationary era.
Let us first assume that the mass of the vector field is
very heavy m ∼ Mpl implying m  Hinflation. In this
case the mass term in (68) dominates over the friction
term, and the vector field engages in an underdamped
harmonic oscillations around bz = 0 with an envelope
decreasing as ∝ v−1/2, where v is the mean scale fac-
tor defined as v = (ac2)1/3 (see [55]). Therefore, such
a vector field would decay during inflation and cannot
survive to dominate the universe after inflation. Conse-
quently, a very heavy vector field (m ∼ Mpl) does never
spoil the isotropy of the universe, and hence preserves
the universal predictions of the α-attractors, but com-
ing with a bonus that predicts an almost exact value
for α, namely, α ≈ 5/6 implying r ≈ 10/N2. Let us
next assume that the vector is very light m Hinflation,
i.e. α ≈ 1. In this case, the friction term in the vector
equation (68) dominates over the mass term and, thus,
the vector field becomes overdamped and remains frozen,
b˙z = 0, during inflation. This implies that if the vector
field is light, it can survive inflation and can dominate
the universe after that period. Hence, if the vector field
has a mass m < Hinflation, then we should further inves-
tigate its dynamics during the post-inflationary era. As
long as m < H during the post-inflationary era the vec-
tor field keeps on being overdamped and frozen so that
it yields anisotropic EoS as wx = wy = −wz = −1 and
its energy density decreases as ρb ∝ a−2 ∼ v−2 provided
that the expansion is not highly anisotropic. According
to this, the energy density of the vector field decreases
slower than that of the radiation ρrad ∝ v−4. There-
fore, it would dominate over radiation and lead to a suf-
ficiently large anisotropic expansion due to its anisotropic
EoS, which would spoil the BBN. This issue can be re-
solved in two different ways. (i) Let us first consider
m  HBBN  Hinflation, where HBBN ∼ 10−21Mpl is
the Hubble parameter when BBN approximately takes
place. In this case, we should assume that the value
of ρb at the end of inflation is so small that it stays
subdominant until the end of BBN. However, if it has
not decayed yet at the end of this period, it would still
cause an anisotropization at a period after the BBN pro-
cesses take place. (ii) Let us now consider m  HBBN
though m < Hinflation. Since the average Hubble pa-
rameter H ≡ (2Hc + Ha)/3 decreases with the cosmic
time during the post-inflationary era, a vector field with
m < Hinflation can become m H at some point before
BBN starts. If this can be achieved sufficiently long be-
fore the BBN period, then we can evade spoiling BBN due
to anisotropization. The reason is that, once the condi-
tion m H is achieved, the vector field is no more light
compared to the Hubble parameter and it would engage
in an underdamped harmonic oscillations around bz = 0.
In this case, it would yield an EoS parameter oscillating
about zero, which results in an isotropic EoS parame-
ter equal to zero on average, wx = wy = −wz = 0 (see
[55]). Hence it would behave like isotropic pressure-less
matter with ρb ∝ v−3 and would not cause anisotropic
expansion anymore. In this case, the universe, which
was highly isotropized during the inflationary era, would
undergo a temporary and moderate anisotropization pro-
cess that can end and be compensated before the BBN
takes place. Afterwards, since the value of H has always
been decreasing from the end of inflation until today, the
condition m H would always be satisfied once the con-
dition m HBBN is imposed, therefore an anisotropiza-
tion due to vector field would not be an issue anymore.
Thus we arrive at two characteristic types of scenar-
ios that are in line with the standard BBN and ΛCDM
models:
• The case Mpl > m  Hinflation preserves the
universal predictions of the α-attractors and pre-
dicts a range 10−10  6 (1 − α) < 1 implying
10−10  12 − r N2 < 2. This implies and leads to
an isotropic universe.
• The case HBBN  m  Hinflation preserves the
inflationary dynamics given by the α-attractors,
predicts 10−42  6(1 − α)  10−10 and im-
plies 10−42  12 − r N2  10−10. In this case,
our model makes an additional prediction that the
universe enters into a temporary anisotropization
epoch just after the end of inflation. However, this
epoch can end sufficiently long before the begin-
ning of BBN and expansion anisotropy can stay at
moderate values such that it can drop down to the
values that do not spoil the standard BBN model
once again.
VI. CONCLUSIONS
In this paper, we have examined the features of the α-
attractor scenario if it arises from the spontaneous break-
ing of a scale symmetry. The key difference between the
scale invariant scenario presented in this paper and the
conformal setting [25] is that our model includes a dy-
namical vector field, which can lead to non-trivial con-
straints on the dynamics of inflation.
First of all, as opposed to the conformal model, the
conserved current that is associated with the global scale
symmetry of the model is non-vanishing. Second, al-
though the scalar potentials of the conformal attractors
and the scale invariant model precisely coincide, the dy-
namical vector field in our model (42) severely constrains
the α-parameter to satisfy 5/6 < α < 1, and these values
8of α are consistent with latest Planck data [30] on the
inflationary observables ns and r .
This narrow range for the α that the mass of the vector
field provides does not make a tangible difference between
the different values for the inflationary observables and
it might not be possible to distinguish it observationally.
However, this narrow range of α covers the entire mass
spectrum of the vector field, i.e. 0 < m < Mpl. Thereby,
even the tiny changes in α leads to huge changes in the
mass of the vector field whose magnitude, when com-
pered with the value of the Hubble parameter, leads it
to behave as either isotropic or anisotropic fluid. Con-
sequently, the mass of the vector field, which is deter-
mined by the α parameter, plays the main role in con-
trolling the expansion anisotropy. Thus, different val-
ues of α cause dramatically different post-inflationary
behaviors. Here, we presented two characteristic types
of scenarios that are in line with the standard BBN
and ΛCDM: (i) Mpl > m  Hinflation, which preserves
the universal predictions of the α attractors, and (ii)
HBBN  m Hinflation, which preserves the inflationary
dynamics given by the α-attractors, but which addition-
ally predicts a temporary anisotropization epoch between
the end of the inflation and the BBN.
There are numerous directions that one can consider
to proceed in this study. First of all, here we discuss
the post-inflationary dynamics of the universe when the
mass of the vector field satisfies Mpl > m  Minflation
or HBBN  m  Hinflation. A thorough analysis that
covers the entire region of the mass spectrum remains as
an open problem. Moreover, the temporary anisotropiza-
tion epoch, which occurs when HBBN  m  Hinflation,
deserves further study. An intriguing problem is whether
the vector field that appears as a consequence of the
gauged scale symmetry can be used to produce curva-
ture perturbations as in the curvaton scenario [56–59].
In this paper, we have not exhausted all the possibilities
that the scale invariance can dictate in the action (44).
Indeed, one can multiply the curvature of the vector field
with a weight zero function of the scalars,
g(φ/χ)Rµν(D)R
µν(D) , (69)
which preserves the scale invariance of the action (44).
Then, by an appropriate choice of the function g(φ/χ),
one can generate a scenario such that the kinetic term
of the vector field flips signature before and after infla-
tion, which successfully realizes the vector curvaton sce-
nario [55], and unifies the vector curvaton scenario with
α-attractors.
The scale invariant model that is introduced in this pa-
per is somewhat a SUGRA-inspired model since N = 1
SUSY has a U(1) R-symmetry, therefore the local su-
persymmetry includes a vector field Aµ in its spectrum.
This vector field is auxiliary and is eliminated by its field
equation in the 2-derivative theory [36]. However, from a
field theoretical viewpoint, the 2-derivative theory cannot
be the full story and one has to take higher-order effects
into account. When higher derivative terms show up,
their supersymmetric completion includes kinetic terms
for the auxiliary vector field, thus the U(1) R-symmetry
becomes dynamical, see e.g. [60]; then the vector field
cannot be simply integrated out. Therefore, we believe
that the analysis we performed here for the dynamical
vector field will be helpful to uncover the properties of su-
persymmetric α-attractors in the presence of higher order
corrections, which is an interesting direction to pursue.
It has been shown that one might get logarithmic
enhancements due to loop corrections during inflation
[61, 62]. Therefore one could consider including those ef-
fects for the present work. But there are two things that
we need to keep in mind before doing that. The first one
is the fact that conformal invariance decreases the emer-
gence rate of virtual particles, which is the source of the
loop effects [63]. Because of this, loop contributions due
to conformally coupled scalar particles are doomed to be
very small. Hence, the dominant contribution would have
to come from gravitons running in the loops. The sec-
ond fact is that quantum gravitational effects suffer from
smallness of the loop counting parameter GH2, where G
is Newton’s constant andH is the Hubble rate at the time
of horizon exit. Taking these two points into account,
one could include the effect of gravitons on scalar par-
ticles and hope to get a logarithmic enhancement which
might counterbalance the smallness of the loop counting
parameter as a future direction.
Finally, the procedure introduced here to construct a
scale-invariant generalization of the alpha-attractors can
be applied to more wide examples of attractors poten-
tials, such as the ones introduced in [64, 65]. This would
give rise to a richer class of potentials with different con-
straints from the dynamics of the vector field, which
would be an important step towards more realistic sce-
narios for inflationary attractors with a dynamical vector
field.
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